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Abstract. We define the total energy-momenta for (4+ 1) -dimensional 
asymptotically anti-de Sitter spacetimes, and prove the positive energy 
theorem for such spacetimes. 



1. Introduction 

Positive mass theorem is an important result in general relativity. When 
the cosmological constant is zero and the spacetime is asymptotically flat, 
the definition of total energy and total linear momentum was first given by 
Arnowitt, Deser and Misner pQ. Physicists then conjectured that the total 
mass of an isolated gravity system should be nonnegative. This conjecture 
was first proved by Schoen and Yau [HJ [121 E] and then by Witten [16] . For 
the wide applications in geometry and physics, higher dimensional positive 
mass theorems for asymptotically flat manifolds were extensively studied 

P ESI El El- 

When the cosmological constant is negative and the initial data is asymp- 
totically hyperbolic, the corresponding positive mass theorems were studied 
by many authors. When the second fundamental form is zero, such positive 
mass theorems were obtained under different conditions [U [14] . When the 
second fundamental form is nonzero, such positive energy theorems were 
given in [91 \T7\ 115] . For higher dimensional asymptotically anti-de Sitter 
spacetimes, Chrusciel, Maerten and Tod [5] gave a definition for the total 
energy and other conserved quantities. Under certain assumptions on coor- 
dinate transformations, they obtained some inequalities of the total energy. 
The first author, Xie and Zhang [15J obtained more general inequalities of 
the total energy, without the assumptions on coordinate transformations. 

In this paper, we establish similar inequalities involving total energy- 
momenta for (4 + l)-dimensional asymptotically anti-de Sitter spacetimes. 
We give the explicit form of the imaginary Killing spinors on the 0-slice of 
the anti-de Sitter spacetime after fixing a suitable Clifford representation. 
We define the total energy and momenta for asymptotically anti-de Sitter 
initial data, and finally, we provide the lower bound of the total energy in 
terms of the total momenta, which implies the positive energy theorem. 

This paper is organized as follows: In Section 2, we give the explicit form 
of imaginary Killing spinors on the 0-slice of the anti-de Sitter spacetime. 
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In Section 3, we give the definition of total energy and total momenta. In 
Section 4, we prove our positive energy theorem. In Appendix, we provide 
the explicit form of the Killing vectors of the anti-de Sitter spacetime. 



2. The anti-de Sitter space-time 



The anti-de Sitter (AdS) spacetime with negative cosmological constant 
A, denoted by (N,gAds)i 1S a static spherically symmetric solution of the 
vacuum Einstein equations. The (4+l)-dimensional anti-de Sitter spacetime 
is indeed the hyperboloid 

rj^y a y p = j, a = -6k 2 (k>o) 

in M 4 ' 2 with the metric 

4 

ds 2 = -(dy ) 2 + J>y*) 2 - (dy 5 ) 2 . (2.1) 
i=l 

Under suitable choice of coordinates, the metric of (4 + l)-dimensional anti- 
de Sitter spacetime can be written as 

ds 2 = - cosh 2 (Kr)dt 2 + dr 2 + Bmh J Kr ) f^9 2 + sin 2 9(dip 2 + sin 2 ipdip 2 ] 

The i-slice (H 4 , g) is the hyperbolic 4-space with constant sectional curvature 

— K 2 . 

Let the orthonormal frame of the AdS spacetime be 

1 d u d k d 



cosh(Kr) dt' dr' sinh(fix) 9$' 



K 



d k d 



e 3 = \ ■ „ TTT' e 4 



sinh(Kr) sin 9 dip sinh(Kr) sin 9 sin ip dip 

and e a be the dual coframe of e a . 

Recall that the fifteen Killing vectors 

d d 
U a p=y a ^-yp— 

generate rotations for M 4 ' 2 with the metric (|2.ip . By restricting these vectors 
to the hyperboloid {rj a py a y^ = ^} with the induced metric, the Killing 
vectors of AdS spacetime can be derived. See Appendix for the explicit 
form of U a p on the 0-slice. 

Let § be the spinor bundle of (N,gAds) an d its restriction to H 4 . The 
spinor <I>o 6 T(§) is called an imaginary Killing spinor along H if it satisfies 



for each X tangent to 
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For the following application, we fix the following Clifford representation 
throughout this paper: 



e ' y 



— I 



where 



3 

3 

, 3 



I 

-I 

e 4 i y 

1 



e 2 i-> 



, k 



(2.2) 



Under this representation, we have 
Lemma 2.1. The imaginary Killing spinors along M 4 are all of the form 



where 



u 



u 



+ 



/ u + e 2 + u e 2 \ 

v^e 2 + v e 2 

I — lire 2 — \J —\u~ e 2 

\\f— Tv + e^2 — \f^lv~~e~~^ j 



Aie 2 v cos _ _|_ x^^-f s i n _ ) CO s ^ 



+ (A 3 e^2-^ cos ^ + A 4 e^ 



sin — | sin ■ 

2 / 



-V-l(^Aie 2 ^cos^-+A 2 e 2 ¥> s i n Z. j S m - 

^T^Ase^ 1 ^ cos I + A 4 e"^ 
/ -[( - Aie^ 1 ^ sin ^ + A 2 e^?^ cos tr) cos — 



sin — cos — , 
2/ 2 



-1( Age^^^sin 



A 4 e 2 ^ cos — ^ sin ■ 



(^A 4 e 2 ^si n __ \ 2 e 2 ^ cos — J sin - 



-:- ( A 3 e^2 =3 ^ S in % - A 4 e^? v 



cos -J cos-. 



Here X\, A 2 , A3, and A 4 are arbitrary complex numbers. 



3. Definitions 



(2.3) 



Suppose that TV is a spacetime with the metric g of signature (—1, 1, 1, 1, 1), 
satisfying the Einstein field equations 



Ric--g + Ag = T, 



(3.1) 
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where Ric, R are the Ricci and scalar curvatures of g respectively, T is the 
energy-momentum tensor of matter, and A is the cosmological constant. For 
orthonormal frame {e a } with eo timelike, the dominant energy condition 



is satisfied. Let M be a 4-dimensional spacelike hypersurface in iV with the 
induced metric g and p be the second fundamental form of M in N. 

Definition 3.1. An initial data set (M,g,p) is asymptotically AalS of order 



(1) there is a compact set K such that = M \ K is diffeomorphic to 
M 4 — B r , where B r is the closed ball of radius r with center at the coordinate 
origin; 

(2) Under the diffeomorphism, gij = g(ei,ej) = 5ij + a^, hij = h(ei,ej) 
satisfy 



aij = 0(e~ TKr ), V kaij = 0(e- TKr ), VjV^ = 0(e~ TKr ), 
=0(e- TKr ), V k h tj = 0(e-™ r ), 
where V is the Levi-Civita connection with respect to the hyperbolic metric 

(3) there is a distance function p z such that T^e Kpz , Toie Kpz G L l (M). 



Remark 3.1. For simplicity, we assume the manifold M has only one end. 
The results we obtain in the paper could be extended to multi-end case easily. 



V ki =Pki -9kitrg(p). 
Then we can define the following quantities for asymptotically AdS initial 
data. 

Definition 3.2. For asymptotically AdS initial data, the total energy is 
defined as 




(3.2) 



r>2 if 



Denote 



£i = ^ J 9ij ~ ^itr-g{g) - K{a u - gutr s (a)), 




The total momenta are defined as 





where 



oj = e 2 A e 3 A e 
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Remark 3.2. If k = 1, similar to [15j . we can derive the following relations 
between the quantities in [5] and the quantities defined in Definition ^. 21 

#(V(o),0) = m (0) = E , H(V {i) ,0) = m (l -) = -c i; 
H(0,C(i)) = C(j) = c-, #(0, = = Jij, 

where i,j = 1, 2, 3,4. 



4. Positive energy theorem 

Suppose (N,g) is a (4 + l)-dimensional spacetime, and M is an asymp- 
totically AdS hypersurface in iV with the induced metric g and the second 
fundamental form p. V and V are the Levi-Civita connections correspond- 
ing to g and g respectively. For simplicity, we also use the same symbols to 
denote their lifts to the spinor bundle § respectively. Define 

Vi = Vi + ^-Kd-, D = J2 e i-Vi, (4.1) 

i=l 

then we can derive the following Weitzenbock formula |17j 

D*D = V*V + n, 

with 

^ = ^(^boeo + T 0i ei) • e • . 

By Lax-Milgram Theorem, it is easy to prove that there exists a unique 
solution to the equation D<j) = on M, with <j> asymptotical to the imaginary 
Killing spinor $o ° n the end [T7]. By integrating the Weitzenbock formula 
P~Tj) and applying Witten's argument [TO l [2] [19 | H7] . we get 

f \V<p\ 2 *l+ [ tyfy) *1 

= lim i?e / (0, e, • e,- • V * e* 

= 7 lim / (V^ii-Vi^( ff ))|$ | 2 w (4-2) 

+ - lim f n(a kl - g kl tr s (a))($ Q , V^le k ■ <S> )ti 
4 r-*°° Js r 

--lim / (h kl - g k itr$(h))($ ,e ■ e k ■ $ Q )a;, 
where <j) is the unique solution of the equation Dip = 0. 
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By the Clifford representation (|2.2[) and the explicit form (|2.3p of $o> the 
boundary term on the right hand side of ()4.2f) is equal to 



RHS = - lim 

2 r— >oo 

+ lim 

r— >oo 



£l(u+u + + v + v + )e Kr u 



Vol u+u A 



v+v + )e Kr co 



1 lim / V31 u + v~ 

P41 (u+v + + ^+u + y Kr co 
87r(Ai, A2, A3, A4)Q(Ai, A2, A3, A4)*, 



+ lim 

r— >oo 



in which the matrix 



where 



Q 



E V 
1} E) ' 



E 



( E + c 4 
+c 3 - J34 

\— Ju + v— TJ24 



ci + x/=Tc 2 \ 

- J14 — \/— IJ24 

#0 + C4 
-4 + J34 J 



(4.3) 



\- Ju + 





E - c 4 
+c' 3 + J34 



/ 

- C ' 4 + \/^TJi2 



ci - \ 

V- Jl3 + 



^2 
-1J23 



Cl + \ 
+ Jl3 + 



^2 \ 
-1J23 



-C3 



-lJl2 / 



Set Jk = T;£ijkJjk and denote 



C =(ci,C 2 ,C 3 ), c' = (ci,C2,4), J = (Jl, J2, J3), J (4) = (^14, J24, J34), 



|L| 2 =2(|c| 2 + |J| 2 + 4 2 ), 
then we have 



A 



c^ + 4 2 + |c| z + |c'| z + |J| z + |J ( 



l\2 
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Theorem 4.1. Let (M,g,h) be a 4- dimensional asymptotically anti-de Sit- 
ter initial data of the spacetime (N, g) satisfying the dominant energy con- 
dition (|3.2p . Then we have the following inequality: 

E > max{ (c 2 + ±|L| 2 )5, (i(|c| 2 + |J (4) | 2 ) + ||L| 2 ) \ (A + |c'| 2 + |J (4) | 2 )5 
-|c'| - |J (4) |, (A - 2 V / 2(ELi(c^ - c 4Ci ) 2 + |c x J| 2 )^, 
[A - 4v^( EiM - c 4 q) 2 + |c x J| 2 )* + F*)*}, 

where 

F + = max{F, 0}, 



3 

F = — 8^(^(040- -c 4 q) 2 + |c x J\ 2 )*A + 36\c x J| 2 + 4|c x c'| 2 

i=i 

3 

+ 36 ^(c 4 4-c 4 Ci ) 2 + 4(|J (4) . C '| 2 + |J (4) • J| 2 + |J (4) -c| 2 ) 

i=l 

+ 4|c' x J| 2 + 4|J (4 )| 2 (c 4 + c 4 ) + 8ciei jk CiJjJ ki + 8c , A e i j k c , i j j J k4 . 

Moreover, if Eq = 0, then Q = and the spacetime (N,g) is anti-de Sitter 
along M . 

Proof: The nonnegativity of the Hermitian matrix Q can be derived from 
the integral form of the Weitzenbock formula (|4.2|) , (|4.3|) and the dominant 
energy condition (|3,2p . 

The nonnegativity of first-order principal minors ensures Eq > 0. And 
from the nonnegativity of second-order principal minors, one finds 

i=l 

and 

E ° * {I E ( c * 2 + + 1 E ( c2 + j ") + i c 4 ) 1 • ( 4 - 5 ) 

1=1 8=1 

The sum of third-order principal minors is given, up to a positive constant, 

by 

3 3 

S =E {El -A) + 2c 4 c i J a + Zeijkdc'jJk - 2c 4 ^ c^ 4 . 

i=l i=l 
Using the Cauchy inequality, one derives 

S <E Q {El - A) + 2|<4||c||J( 4 )| +2|c'||c x J| + 2E |c'||J( 4 )|. 



can 
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Since |c 4 ||c| < \{c'% + |c| 2 ) < E$ and |c x J| < ±(|c| 2 + |J| 2 ) < Eq, one 
obtain 

E ((E + |c'| + |J (4) |) 2 -A- |c'| 2 - |J (4) | 2 ) > 0. 
When Eq > 0, we get 

E > {A + |c'| 2 + |J (4 )| 2 )^ - |c'| - |J (4 )|, 

as A + |c'| 2 + |J (4) | 2 > (|c'| + |J( 4 )|) 2 . When E = 0, the inequality ([HD , 
together with the inequality (|4.5|) . shows that Q = 0. In this case, the 
inequality becomes trivial. 

Also, we have 

3 3 
2c 4 ^ ^ Cj Jj4 + 2£jjfcCjCj</fc — 2C4 ^ ^ c[ Jj 4 

i=l i=i 

3 i 
v C4Cj — <J 4 CiJ "T |U A . 7l ~ ' 

i=l 



<2(|J (4) | 2 + |c'| 2 )5 ( ^(c 4 c^ - c 4Ci ) 2 + |c x J 
1=1 

3 

<2y/2E ( J2( c * c 'i ~ c 4 c i) 2 + |c x J| 2 )i 



1=1 

Therefore, 

S <E Q {El - A) + 2v / 2^o(^( c 4 c i " C 4 C *) 2 + l c x Jl 2 ) 2 • 

i=i 

This implies 

3 

£ 2 > A - 2v / 2( ^( C 4 C ; - c 4Ci) 2 + |c x J| 2 ) 2 

i=l 

if £/q > 0. The case for Eq = is considered similarly. 

The determinant of the matrix is 

3 

detQ =(Eq - A) + 8E ^(^4 - c 4 c- J i4 ) + %EQ£ij k aCjj k 

i=l 

- 4|c x c'| 2 - 4|c x J| 2 - 4|c' x J| 2 - 4|J (4) | 2 (cl + c 4 2 ) 

3 

- 4 ^(c 4 c- - c 4 q) 2 - 4(| J {4) • c'| 2 + | J (4) • J| 2 + |J (4 ) • c| 

i=l 



Since 

3 3 3 

c 4 ^ CiJ iA + EijkCiCjJk - c 4 ^ c- J i4 < v / 2£'o( y^(c 4 c- - c 4 q) 2 + |c x J| 2 ) 



i=l i=l i=l 
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one obtains 



detQ <{El - Af + 8y/2E%(J2M ~ + l c x J| 2 )^ 

i=l 

- 4|c x c'| 2 - 4|c x J| 2 - 4|c' x J| 2 - 4|J (4) | 2 (cl + c 4 2 ) 

3 

- 4^(c 4 4 - c 4 Ci) 2 - 4(|J (4) • c'| 2 + |J (4) • J| 2 + |J (4) • c| 2 ) 

8=1 

- 8c 4 £jj/ c CjJj Jfc 4 — ^C^Eij^C^Jj Jfc 4 

3 1 2 

= (£ 2 - ,4 + 4v / 2( X]( c 4 c i - c 4^) 2 + |c x J| 2 ) 3 ) 
1=1 

+ 8\/2( ^(c 4 c^ - c 4 q) 2 + |c x J| 2 ) 2 A-36|c x J| 2 - 4|c x c'| 2 
i=l 

- 36^2(^4 - c 4 c;) 2 - 4(| J (4) • c'| 2 + |J (4) • J| 2 + |J (4) • c| 2 ) 

i 

- 4|c' x J| 2 - 4|J( 4 )| 2 (cf + c 4 ) - 8c4£ijkCiJjJ k 4 - Sc^EijkCiJjJki- 
This implies 

El > A-4y/2(J2(ci4 ~ c^) 2 + |c x J| 2 ) ^ +F|. 



The inequality claimed in the theorem follows immediately. 

The rigidity part can be proved by following the argument in |15j . Here 
we skip the details. Q.E.D. 



Remark 4.1. If Ci = 0,i = 1,2,3,4 and c' 2 = c 4 = J13 = J23 = J14 = 

J24 = a/ier suitable coordinate transformation, the inequality for (4 + 1)- 
dimensional case in Theorem 2 0/ [5] can 5e derived from Theorem 14. 1[ 



10 



yaohua wang, xu xu 
5. Appendix 



-i 9 

Uio =k~ 1 sin 9 sin ip cos <p— + coth(Kr) ( cos 9 sin ip cos 09— 

or \ 09 

cos ip cos ip d sin 09 d 



sin 6 dip sin 9 sin ?/> d</9 ' 

d d 
U20 =k~ 1 sin 9 sin ^ sin 09— + coth(Kr) I cos 9 sin ^ sin 09— 

or \ o9 

cos -0 sin 09 d cos 09 d 

+ : 7, TTT + 



sin sin sin dip J ' 

^30 =k _1 sin cos ib- — \- coth(fcr) f cos 9 cos ib— : — -77- ) , 

Or V o9 sin 9 dip J 



d d 

U40 =k~ cos9— coth(fcr) sin 9— , 

Or 09 

d 

U15 =kT x tanh(/«r) sin sin -0 cos 09— , 

d 

U25 =k~ 1 tanh(«r) sin 9 simp sin ip— , 

d 

U35 =k~ 1 tanh(rer) sin cos 

d 

U45 =k~ 1 tanh(«x) cos 9—, 

ot 

d 

C/12 =7-, 

d cos -0 sin 09 9 
C/13 = - COS 09 — + 



dip sin ^ 5o9 ' 

, d cos cos ip cos 09 a cos 6* sin 09 5 
(7i4 = - sin V cos 09— — 777 + 



d9 sin 3 , sin 9 sin ?/> <9o9 ' 



d cos ^ cos 09 a 
(^23 = - smo9— - 



dip sin ^ 3o9 ' 

d cos cos ip sin 09 9 cos 9 cos 09 5 
C/ 24 = - sin ip sin 09— - 



39 sin 9 <9t/> sin 9 sin -0 <9o9' 



, d cos sin ip d 
U34 = — cos tp— + 



99 sin 9 dip 
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